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Upwind Relaxation Algorithms for the
Navier-Stokes Equations

James L. Thomas*
NASA Langley Research Center, Hampton, Virginia

and
Robert W. Waltersf

Virginia Polytechnic Institute & State University, Blacksburg, Virginia

The development of upwind relaxation algorithms for obtaining efficient steady-state solutions to the com-
pressible Navier-Stokes equations is described. The method is second-order accurate spatially and naturally
dissipative, using third-order flux splitting of the pressure and convective terms and second-order central
differencing for shear and heat flux terms. A line Gauss-Seidel relaxation approach, shown to be unconditionally
stable for model convection and diffusion equations, is used. The algorithm is demonstrated for the problem of
shock-induced separation over a flat plate.

Introduction

THE purpose of the present paper is to develop an efficient
algorithm for obtaining Steady-state solutions to the com-

pressible Navier-Stokes equations. Much progress has been
made in computational fluid dynamics over the past 15 years
toward the development of algorithms for such flows. How-
ever, even with the current rapid advance in the speed and
available storage of computers, there is a need for improved
algorithms to enable viscous flow computations to be used
routinely in engineering practice.

Two widely used algorithms are the implicit, approximately
factored approach of Beam and Warming1 and the explicit-
implicit approach of MacCormack.2 In both of these meth-
ods, dissipative terms are added for numerical stability, but
they are generally difficult to determine optimally. Recently,
there has been considerable progress in the development
of upwind methods, which recognize the hyperbolic nature of
the time-dependent inviscid equations in the construction of
naturally dissipative schemes. The improvement in physical
treatment comes generally at the expense of increased compu-
tational work in comparison to central difference approxima-
tions. However, improved algorithms tailored to the properties
of the upwind discretization are being developed. The diago-
nally dominant properties of coefficient matrices arising from
such discretizations allow efficient relaxation procedures to be
developed, which can increase the overall convergence rate
and, thus, offset the increased computational work per time
step.3'6

An efficient relaxation algorithm for the Navier-Stokes
equations is obtained by using upwind differencing for the
convective and pressure terms and central differencing for the
viscous shear and heat flux terms. The upwind differencing in
the present work is implemented using the flux splitting method
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developed by Van Leer and his co-workers7-8 including third-
order accurate spatial differencing, although the techniques
described could be applied to most upwind difference meth-
ods. The algorithm is similar in many respects to that of
Chakravarthy et al.9 and Lombard et al.,10 in that the upwind
differencing for the pressure and convective terms is being
exploited to obtain efficient solution methods for viscous
equations.

The algorithm as applied to the compressible Navier-Stokes
equations is described below. Truncation error analysis of the
spatial differencing and stability analysis of the relaxation
algorithm are given. Computations are made for a series of
flows using the thin-layer form of the equations. The effect of
grid refinement in the computation of shock-induced
boundary-layer separation is also studied.

Governing Equations
The time-dependent compressible Navier-Stokes equations

express the conservation of mass, momentum, and energy for
an ideal gas in the absence of external forces. The nondimen-
sional form of the equations in conservation law form and
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Fig. 1 Comparison of computed velocity distributions with incom-
pressible Blasius solution (Mx = 0.5, ReL = 10,000).
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Cartesian coordinates is given below
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The upwind differencing for the convective and pressure
terms is based on the flux splitting method developed by Van
Leer.7 These split fluxes have the advantage of first derivative
continuity at eigenvalue sign changes, corresponding to sonic
and stagnation points, and can represent normal shocks with
at most two, and generally one, transition zones. Both second-
and third-order spatial differencing schemes have been devel-
oped and applied;8 the improved accuracy with the third-order
scheme for viscous flows is evident in the results below.

The inviscid fluxes F and G are split into F± and G±

according to the eigenvalues of the Jacobian matrices dF/dQ
and dG/dQ and differenced accordingly, as

(2)

where S~, S~ denote the backward difference operators and
5A

+ , 8^ the forward difference operators. The split flux differ-
ences are represented as a flux balance across a cell, for
example,

-———— ———

4 = v v , vv -^^ ———

Nondimensionalization of the above equations is with respect
to density p and speed of sound a. The velocities are u, v, w,
and <? is the total energy per unit volume. The molecular
viscosity jLt is determined by the Sutherland law and Stokes
hypothesis is used for the bulk viscosity \= — 2/i/3. The
Reynolds and Prandtl numbers are denoted as Re and Pr.
Finally, the pressure p is determined by the ideal-gas law

where y is the ratio of specific heats, taken as y = 1.4.
The thin-layer form of the equations neglect any streamwise

diffusion terms and is used below, although the relaxation
algorithm considered is applicable to the full equations. The
thin-layer form is chosen because it is generally not feasible to
resolve the viscous terms in both directions with today's
computers, where the general constraint for resolution corre-
sponds to a cell Reynolds number of two. Only the viscous
terms normal to the wall are resolved in the thin-layer form
and, implemented in generalized coordinates, it has been
demonstrated to be applicable to a wide class of problems.

It is straightforward to transform the equations to gener-
alized coordinates of the type f = £(x, y) and TJ = TJ(.X, y).
The method discussed below has been implemented in gener-
alized coordinates of this type, although the solutions shown
below revert to simple stretching transformation of the type

' and r?

Spatial Differencing
The governing equations are viewed as composed of inviscid

(convective and pressure) and viscous (diffusive) terms. The
spatial differencing reflects the predominant nature of the
equations in the limit as Re -* qo (hyperbolic) and Re -» 0
(parabolic), i.e., upwind differencing for the convective and
pressure terms and central differencing for the shear stress and
heat flux terms. The approach represents a natural extension
to an upwind flux- vector splitting method recently applied to
the analysis of inviscid flow over airfoils in generalized coordi-
nates.8 Other recent work combining upwind and central
differences according to the physics in the limiting Re form of
the equations includes that of Coakley,11 Ghakravarthy et al.,9
and Lombard et al.10

The notation F+(Q~) denotes F+ evaluated at Q
represents upwind interpolations to cell interfaces

= Q ± A x

(3)

and Q±

(4)

where Q" k denotes cell centered quantities Q(x,y,t), x =
y'Ax, y = kky, t = nht, and wherever the script notation
would be simply / , y, or «, it is most often dropped. The cell
interface location between cells j and j'+ 1 is denoted as
j +• 1/2. The upwind discretization above corresponds to an
interpolation of Q to cell interfaces followed by splitting
rather than differencing the split fluxes at cell centers, corre-
sponding to a more local splitting and leading to improved
results.8 The parameter K determines the accuracy of the
spatial differencing: K = -1 corresponds to a fully upwind
scheme, /c = +1 to a central difference scheme, and /c = 1/3
to the third-order upwind-biased scheme. The implementation
of the method in generalized coordinates in two and three
dimensions is given elsewhere.8'12

In general, some form of flux limiting is required for the
scheme to avoid oscillations at discontinuities in the solution,
such as shock waves. The limiting can be implemented by
locally modifying the difference quotients in the interpolation
of Eq. (4) through comparison with nearby gradients in order
to ensure monotone interpolation. The fully upwind scheme
has the rather surprising but useful feature that transonic
normal shocks can be captured with no overshoots or under-
shoots with no limiting, which has been used to advantage
here and elsewhere.8i12-13

The differencing for the viscous terms corresponds to sec-
ond-order central differences, consistent with the diffusive
nature of the shear and heat flux terms. The second deriva-
tives are treated conservatively as differences across cell inter-
faces of first derivative terms, i.e.,

^S
dj S/-l/2\

-^--1/2(7;.- 7J..O] (5)
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where the thin-layer approximation to S has been used and

0
u

4v/3

In the extension to generalized coordinates, the overall ap-
proach is the same; first derivative terms at cell interfaces are
determined through chain rule differentiation. This approach
requires a value for the cell volume at a cell interface, which is
determined by averaging nearby values. An alternate ap-
proach is to evaluate the first derivative terms through Green's
theorem, as used by Swanson and Turkel14 and Chakravarthy
et al.,9 which also requires an averaging process for metric
terms at cell interfaces! The principal advantage of the finite-
volume form, that of satisfying the difference equations ex-
actly for freestream flow in general curvilinear coordinates, is
retained in both formulations.

For the analysis of the truncation error associated with the
present scheme, consider the scalar convection-diffusion equa-
tion,

du —— r
dx2 '0, c>0

The convection term is approximated with the one-parameter
family of higher- order upwind differences as

and the diffusion term with central differences as

S2u I { „ ,

Substitution of the derivative approximations into the convec-
tion-diffusion equation and using Taylor series expansions
leads to the modified equation,

8u 82u du, _ 82u

,
-77- c(3ic-

The main consequence of the upwind differencing is the
addition of third-order dissipation to the second-order dis-
sipative term arising from the diffusion term. The upwind
dissipative term is largest with fully upwind differencing (/c =
— 1), but remains of third order. No additional damping is
provided with central differencing K = +1 and such schemes
are susceptible to parasitic odd-even point decoupling. In
most present-day central difference codes, third-order fourth-
difference terms analogous to those obtained with upwind
differencing are explicitly added to damp high-frequency oscil-
lations. The above truncation error analysis differs from the
analysis of Reklis and Thomas,15 who suggest that the upwind
dissipation may be orders of magnitude larger than the ex-
plicitly added third-order dissipation of central difference
codes. First-order upwind differencing leads to first-order
second-difference dissipation, which can swamp the discretiza-
tion of the viscous terms. The higher-order upwind dif-
ferencing used here overcomes this difficulty and allows viscous
flows to be computed accurately.

In general, the scheme is second-order accurate, regardless
of the value of K. The leading-order term arising from convec-
tion is dispersive and is, of course, zero for third-order up-
wind-biased differencing (/c = 1/3). Of the common upwind
differencing schemes, the third-order scheme has less disper-
sion and dissipation than either the fully upwind (/c = -1) or
Fromm's (K = 0) scheme.

The diffusion term could be differenced with five-point
fourth-order discretizations, in which case the accuracy of the
combined scheme would be third-order accurate with K = 1/3.
The upwind differencing molecule, in general, spans five points
in any one direction so that fourth-order differencing of the
viscous terms could be implemented with little additional
computational effort, although all of the present results are
limited to second order.

Relaxation Algorithm
The relaxation algorithm used in the present work is devel-

oped from the backward-time integration scheme applied to
Eq. (1)

(6)

where Rn + l is the steady-state residual evaluated at time level
n + 1 for the thin-layer equations,

_ _ _
8x 8y Re 8y (7)

Linearizing the residual about the known time level and
neglecting the variation of viscosity in the linearization, Eq.
(6) can be written as

(8)

where A±, B±
J and H are Jacobian matrices of F±, G±, and

T. The direct solution of the above equation represents a
Newton method in the limit as A t -> oo , but requires the
inversion of a large banded block matrix equation. The matrix
equation is generally approximated for numerical solution.
For example, the equations can be approximately factored,
leading to block tridiagonal inversions.

Line Gauss- Seidel (LGS) relaxation is applied to Eq. (8) in
the present work and is motivated by the form of the coeffi-
cient matrix arising from upwind differencing of the convec-
tive and pressure terms. The coefficient matrix representing
Eq. (8) can be written as

= R (9)

where the coefficients A - 7 are 4 X 4 block matrices and are
given in the Appendix. The matrices A + , B+ and A~, B~
are constructed to be non-negative and nonpositive, respec-
tively, through the eigenvalue decomposition used in the flux
splitting method. By neglecting the spatial variation of the
Jacobian matrices, it is easy to verify from the Appendix that
with first-order upwind differencing, the coefficient matrix is
diagonally dominant for any time step. Similarly, it is easy to
verify that with central differencing (K= + 1), the only diago-
nal contributions to the coefficient matrix come from A/ and
the viscous terms. With higher-order differencing, the coeffi-
cient matrix for inviscid flows at large steps is not diagonally
dominant. The ratio of the diagonal element magnitude to the
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sum of the off-diagonal element magnitudes goes as

for K in the range of - 1 to 4- 1. Thus, the coefficient matrix is
never diagonally dominant for higher-order differencing, but
is better conditioned as /c -> -1. The diagonal dominance
criterion is only a sufficient condition for convergence of the
linear system. The Von Neumann analysis presented in the
next section is relied on for the stability analysis of relaxation
applied to Eq. (9).

Many strategies for relaxing the above equation are possi-
ble. An essential element in the development of effective
strategies is the recognition of the wave propagation in the
inviscid field. For example, for streamwise supersonic flows,
the Jacobian matrix A~ is zero, representing an upstream
propagating influence, and, with a fully upwind scheme in the
streamwise direction (KX = —1), the block matrices G and /
are zero, so that a space-marching scheme can be constructed.
With line relaxation, quadratic convergence for inviscid super-
sonic flows is possible,13 since the relaxation algorithm as
A f - » QO represents direct inversion of the unfactored coeffi-
cient matrix.

A second element is the recognition of the stiffness arising
in the equations from the small mesh spacing near walls
required to resolve viscous effects at high Reynolds numbers.
This difficulty is removed in the present method by sweeping
in the direction tangent to the wall and accounting for the
thin-layer viscous terms implicitly by block line inversions.
Alternating the direction of the implicit line inversions is
expected to be beneficial for application of the method to
general viscous flows and has been also found to be beneficial
in inviscid flows with highly stretched grids.

The higher- order differencing of the convective and pressure
terms leads to a block pentadiagonal matrix equation to be
solved at each line. The work required to solve a block
pentadiagonal matrix is identical to that required to solve
block periodic tridiagonal matrices, encountered routinely in
solutions with approximately factored methods. It is possible
to mix the spatial discretizations on the implicit and explicit
sides of the equations to reduce the computational work, i.e.,
first-order differencing on the left-hand side leads only to
block tridiagonal matrix equations. It is also possible to use
relaxation with upwind differencing on the left side of Eq. (8)
and central differencing of the steady- state residual, as dem-
onstrated recently by Napolitano and Walters.16 Consistent
approximations on the explicit and implicit side of the equa-
tions lead to faster convergence rates and have been used
herein.

The relaxation algorithm is implemented by sweeping back
and forth across the mesh, as dictated by stability considera-
tions. The left-to-right sweep can be written as

( D, J, 1, C, E) AG = R - FAG,--! - HLQj-2 (10)

and the right- to-left sweep as

(D,A,B,C,E)bQ = R-GbQj+l-IbQJ+2 (11)

where the notation on the left side of the above two equations
represents the pentadiagonal line inversions in the y direction.
The solution is updated at the end of each sweep. The
algorithm is implemented in delta form so that the solution at
convergence is independent of the time step. The boundary
conditions, which are discussed subsequently, are linearized
using the delta form and incorporated into the matrix of Eq.
(9), which leads to increased coupling of the boundary condi-
tions and increased rates of convergence.

The above relaxation algorithm leads to rapid convergence
to the steady state for the flows considered below and has
proved to be much less sensitive to the time step than ap-

proximate factorization methods, since maximal damping oc-
curs for large time steps. The principal disadvantage of the
scheme is that it is not completely vectorizable on current
vector processors, such as the CDC Cyber 205, due to the
recursive nature of the line inversions, as in Eqs. (10) and (11).
That is not to say that the computational rate cannot be
improved with vector processing, since the line inversions
involve only roughly 30% of the total computation. Assuming
a factor of 10 for vector-to-scalar computation, a factor of 3
improvement can easily be attained. By realizing that the
lower-upper (LU) decomposition of the line inversions can be
computed simultaneously for all the lines before beginning the
relaxation sweeps implied by Eqs. (10) and (11), further
improvements are possible. Most of the work in the inversion
occurs in the LU decomposition for 4 x 4 block line inver-
sions and thus most of the computations can be vectorized.
Additionally, Van Leer and Mulder3 have observed that the
coefficient matrices can be frozen for a substantial number of
iterations, corresponding to a technique often used in finding
the roots of nonlinear equations and effectively reducing the
total work in the inversions to essentially that of the forward-
backward substitutions. The scalar computational rate on the
Cyber 205 at Langley Research Center for the above al-
gorithm is 4 X 10 ~4 s per grid point per Sweep, which can be
improved by a factor of 10 by utilizing vector computations
and the Jacobian treatment described above.

Stability Analysis
The stability of the present algorithm is investigated by

studying model equations of the hyperbolic and parabolic
type, thus considering separately the inviscid and viscous
terms. The inviscid equation considered is

du
<-) l " Al f\ ~T~ A -) n —— \Jdt l dx 2dv (12)

where X1? X2 > 0. The stability analysis for line relaxation is
given for K = 0 in Ref. 3 and for variable K in Ref. 12. The
analysis accounts approximately for eigenvalues of mixed sign
in the full system of conservation equations by relaxation in
the same direction and against the wave directions implied by
A! and A2 in the scalar equation. The main conclusions of the
analysis are summarized below.

For first-order differencing, the algorithm is unconditionally
stable, regardless of the sweep direction, effectively treating
waves moving opposite to the sweep direction at a Courant
number less than or equal to unity. For higher-order dif-
ferencing, it is necessary to alternate the direction of the
sweeps in order to construct an unconditionally stable scheme,
since relaxation with higher-order treatment of the waves
adverse to the sweep direction is unstable. The maximum
damping occurs at large time steps for the relaxation, in
contrast to approximate factorization methods where an opti-
mal Courant number on the order of 10 in the inviscid field
exists for maximum damping.

Consistent approximations on the left and right sides of the
unfactored equation lead to the best convergence. With
first-order differencing on the left, relaxation is possible, but
underrelaxation is required for certain ranges of /c, in particu-
lar for K = — 1 and f c = 4-1. Maximum damping for the
scheme always occurs with underrelaxation.

The scalar model equation considered for viscous flows is

du = d2u
dt f i x 2

where the inequalities

d2u d2u
*~z—5~~ + c——T5^^ ^y2

a,c>0, b2<4ac

(13)

(14)
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ensure that the equation is parabolic. The backward Euler
implicit time integration scheme in delta form applied to Eq.
(13) results in

(15)

where

The second derivative terms are defined with a conventional
three-point second-order centered difference

Following Mitchell and Griffiths,17 the cross-derivative term
can be differenced either symmetrically or asymmetrically
with second-order differences as

8u = a + § * M +

where

and for consistency

a + ot 1/2

The symmetric treatment of the cross-derivative term corre-
sponds to a+ = a~ = 1/4. The symmetric treatment causes a
loss of diagonal dominance for the coefficient matrix resulting
from the unfactored equation (15) in comparison to the case
of zero cross derivative (6 = 0). However, Von Neumann
analysis of the unfactored equation results in the amplification
factor

where ^ is defined in terms of the two spatial frequencies
(6, y) of the Von Neumann analysis

^ = 20(1 -cos0) + 2c(l-cosy) + 6sin0siny

It can be shown that i// > 0 with the restrictions of Eq. (15),
demonstrating the method to be unconditionally stable.18 The
unfactored equation is, of course, not generally practical to
solve and relaxation of the unfactored equation is presented
subsequently.

The asymmetric treatment of the cross-derivative term is
designed to retain diagonal dominance of the matrix resulting
from the unfactored equation (15). The coefficients are

«+ = 0, a" = 1/2, b<0

and the necessary condition for diagonal dominance is that

\b\ <min(2a,2c) (17)

Application of the Von Neumann analysis to the unfactored
equation shows the restriction of Eq. (17) to be both necessary
and sufficient for unconditional stability. Since the resulting

matrix equation is diagonally dominant, convergence with the
asymmetric treatment can be expected to be better than that
with the symmetric treatment when the restriction of Eq. (17)
holds. The asymmetric treatment has been used with notable
success by O'Carroll19 for the potential equation on skewed
meshes and was also used by Chakravarthy et al.9 for solu-
tions to the Navier- Stokes equations.

Stability of vertical line relaxation applied to the unfactored
equation is considered below. With symmetric treatment of
the cross-derivative term, the differences can be written in
terms of conventional forward (A) and backward (v) differ-
ences as

The relaxation matrix corresponding to a left-to-right sweep
across the mesh is easily constructed by replacing the forward
difference operator AA. with -1 on the left side of the unfac-
tored equation, as

VA.) x - 1)(VV

: + b8xy + cdy_

An

(18)

The relaxation matrix corresponding to a right-to-left sweep is
similarly constructed by replacing the backward difference vx
on the left-hand side with +1. Applying Von Neumann
analysis to Eq. (18) results in the complex amplification factor

a + ib
g = ~

where

5 = 1 + r(2a cos B — b sin 0 sin y )/2

6 = J== r(2a sin# - bcosO siny)/2

c = np -I- a

and \// is as defined above. Since the imaginary parts of both
numerator and denominator of g are equal, it is sufficient for
stability that

which is always satisfied since n// > 0 and

np + 2a = 2[1 4- ra + 2cr(l - cos y)] > 0

The stability for the right-to-left sweep is identical to that
above. Thus, line relaxation applied to the model problem is
unconditionally stable with symmetric treatment of the cross-
derivative term.

Maximum damping for the relaxation scheme occurs for
large time steps, r -» oo, in analogy with upwind relaxation
for the inviscid equations. It is known that for large time
steps, the convergence of the above line Gauss-Seidel relaxa-
tion behaves as -fapah2, where p is the spectral radius. The
convergence can be substantially improved by applying over-
relaxation, for which, with optimum overrelaxation, —fapah.
Thus, for flows with significant viscous stresses in both direc-
tions, overrelaxation of the viscous terms is expected to in-
crease convergence rates substantially. Note that with thin-
layer equations and the sweeping direction tangential to the
wall, the viscous terms are all treated fully implicitly.

Computational Results
The first model problem considered is flow over a flat plate.

Results are shown in Fig. 1 for a freestream Mach number
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M^ of 0.5 and a Reynolds number ReL, based on freestream
velocity and the length of the plate, of 10,000. The computa-
tional domain is sketched and extends half a length upstream
of the leading edge. Inflow conditions of constant entropy and
total pressure and zero vertical velocity were applied upstream
of the plate; outflow conditions corresponding to specified
pressure were applied along the top and rear of the domain.
No-slip, adiabatic wall conditions were specified on the plate
with symmetry conditions ahead of the plate. The results were
obtained on a 31 X 41 grid, uniform in the x direction and
stretched in the y direction.

The computational results shown for /c = -1 and 1/3 indi-
cate that both upwind discretizations resolve the boundary
layer reasonably well with approximately 20 points in the
layer. The increased accuracy obtained with the third-order
differencing is evident in these and other calculations. With
first-order upwind differencing, in contrast, the boundary-layer
thickness is four to five times that shown.

The second model problem is that of an oblique shock
impinging on a laminar boundary layer developing on a flat
plate. The model problem corresponds to the experiments of
Hakkinen et al.20 at a freestream Mach number of 2.0 and a
Reynolds number based on freestream velocity and the length
from the leading edge of the plate to the shock impingement
point of 2.96 X 105. The shock is of sufficient strength to cause
a separation of the developing laminar boundary layer. Several
results are available in the literature for comparison,1'21 even
though none are believed to be of sufficient resolution to be
judged nominally exact.

The computational grid is shown in Fig. 2; a sketch of the
physical processes in the interaction is shown, indicating the
initial compression due to the separating boundary layer, the
expansion over the separation bubble, and the final re-
compression wave due to the turning at the wall. The boundary
conditions were as follows. At the supersonic inflow, all vari-
ables were specified; at cell centers below the impinging shock
location, freestream was specified and, at cell centers above
the impinging shock, variables obtained from the jump condi-
tions across the shock were specified. Along the top of the
domain, the boundary conditions were overspecified and the
variables were specified from the shock jump conditions. At
the wall, no-slip adiabatic wall conditions were imposed. Since
the flow at the rear of the computational domain is an outflow
boundary and predominantly supersonic, extrapolation of all
variables from the interior was used.

Computational results from a grid refinement study are
shown in Fig. 3, using fully upwind differencing in the stream-
wise direction and third-order upwind-biased differencing in
the vertical direction. The initial mesh density corresponded
to that described in Ref. 1 with the exception that the domain
was extended vertically so that the leading-edge shock passed
through the downstream outflow boundary. Mesh densities
two and three times the initial mesh density were used. The
initial mesh density is too coarse to adequately define the
pressure plateau or the skin friction. As shown in Fig. 3,
details of the separated flow region are generally resolved with
the second mesh, although a small difference exists between
the second and third meshes near reattachment. Outside of the
separated flow region, very little difference exists in the results
from any of the meshes. The detail accorded in the present
calculations shows clearly the pressure plateau in the sep-
aration zone. Pressure contours, shown in Fig. 4, clearly define
the compression and expansion waves in the interaction re-
gion.

Comparisons of the present computations with experiment
and other computations are shown in Fig. 5. All of the
computations were done with a mesh equally spaced in the
streamwise direction and stretched in the vertical direction.
The results of MacCormack and Baldwin were taken from
Ref. 21; the results of Beam and Warming were made with the
code described in Ref. 1, but on the mesh shown in Fig. 2.
There is generally close agreement between all of the results

= 0 Leading edge x = L Shock Impingement

Fig. 2 Computational grid for shock/boundary-layer interaction
(ReL = 2.96 X 10s, Mx = 2.0, <j> = 32.6, 61 X 113 grid).
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Fig. 3 Grid refinement for shock/boundary-layer interaction.
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and the experiment, although there are noticeable differences
in the levels of skin friction in the separated zone. Unfor-
tunately, skin-friction measurements in the separation zone
were not possible; the solid symbols in the figure denote
locations where the presence of separated flow was identified.
The computations with the present method were with the
thin-layer assumption, while the others were with the complete
Navier-Stokes equations. However, the spacing in the stream-
wise direction is not sufficient to adequately resolve the viscous
terms in that direction, so it is not surprising that the thin-layer
results agree closely with the other results, even for this
separated boundary-layer flow.

The computations for each of the three meshes were made
with a local Courant number of 103 and initialized with
freestream conditions in the interior of the domain. On the
coarse mesh, the L2 norm of the residual was driven to
machine zero (10~12) in 150 iterations with KX = -1, KV = 1/3
and less than 125 iterations with KX = KV = — 1. One iteration
is defined here as two sweeps across the mesh, consistent with
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mulated so that the steady-state solution is independent of the
time step. Applications of the method have been made using
the thin-layer assumptions for a series of model problems,
including shock-induced boundary-layer separation. The
physical solutions of the method compare closely with experi-
ment and other available analytical and numerical methods.

Appendix
The 4 X 4 block matrices forming the coefficient matrix of

Eq. (9) are given below.
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Fig. 4 Pressure contours for shock/boundary-layer interaction.
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Fig. 5 Comparison of computations with experiment for shock/
boundary-layer interactions.

the number of sweeps across the mesh used in the approxi-
mate factorization method. On the finest mesh, the L2 norm
of the residual was reduced more than 4 orders of magnitude
in 150 iterations. The integral of the wall pressure on the plate
was monitored during the iteration and can be taken as a
measure of global convergence of the physical solution; the
pressure integral converged to its asymptotic value on the 3
meshes in 50, 75, and 100 iterations, respectively.

Conclusions
An efficient algorithm for steady-state solutions to the com-

pressible Navier-Stokes equations has been described. The
algorithm is cast in conservation law form and is naturally
dissipative, using third-order flux splitting for the pressure and
convective terms and second-order central differencing for
diffusion terms. The improvement with the third-order differ-
encing in comparison to second-order for viscous flows is
apparent from truncation error analysis and the computations
presented. A line Gauss-Seidel relaxation approach is used to
obtain rapid convergence; the relaxation is shown to be un-
conditionally stable for model convection and diffusion equa-
tions. The method is much less sensitive to the time step than
current approximate factorization methods. Maximum damp-
ing occurs at large time steps so that large Courant numbers
are advantageous for convergence and the method is for-

E= ~

1/2

1 = Ax I axAj+ 1/2J

where

and similarly for av , /?r, and yv in terms of K V . The parameter
<f> is zero for first-order differencing and one otherwise. With
the finite-volume formulation, Jacobians for the inviscid terms
are evaluated at cell interface locations and those for viscous
terms are evaluated at cell center locations.
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